Hucsiennoe nccaeoBaHe 3aBUCUMOCTH
KPUTUIECKON CUJIBI 1711 BUTOTO CTEPKHSI OT
nmapamMeTpoB 3ajiaun’”

B. 3. Hamok!

27 asrycra 2010 1.

AnHOTaIUS

3ajtaga 00 yCTONINBOCTH YIIPYTOi CTOWKY IO/ JIEHCTBUEM ITPOI0Ib-
HO CXKUMAOIIEH CHJIbI PACCMATPUBAETCsI JJisl CJlydasi BUTOrO (ecre-
CTBEHHO SaprquHoro) CTEP2KHSI.

PesysibraTbl YuCIEHHBIX 9KCIEPUMEHTOB IPEICTABICHBI B OIIyOJI-
KOBaHHOII crarbe [].

Hacrostiuit TeKcT, 110 CpaBHEHHIO CO CTaThEH, pACKPBHIBAET HECKOJTh-
KO To/ipoOHee

e 1peobpasoBaHre BAPUAIMOHHOIO MPUHIIAIIA K BULY, HUCIOJIOBaH-
HOMY JIJIsl pelenns 3aJadu;

® HEKOTOpPbIE JIOKa3aTe/JIbCTBAa;
® JICIIOJIb3OBaHHE ITaKeTa L2 B BBIYHCJICHUAX.

Xo1ercst OTMETHTD, 9TO OJ1aro1apst NCIo/Ib30Bannio makeTta L, ocy-
IIECTBJIAOINIEr0 TOYHBIE CHUMBOJIbHBIE BBIYUCJIEHUS] C KYCOTHO-TIOJIMHO-
MUAJbHBIME (DYHKIUSIMI, 3HAUEHIST KPUTUIECKON CHJIBI JJIsI PA3HOO0-
pa3HbIX 3389 [I0JyYaI0TCsl ¢ TaPpAHTUPOBAHHON TOYHOCTHIO IIPU OTHO-
CATEIbHO HE3HAYUTEIHHOM HCIIOJIB30BAHUN ,, 1€ I0BEIECKOr0 pecypca’.

*© Copyright 2010, VTs (B. 3. Lamok)
"Kybamckuit rocynapersenneiii yansepcuter, haKyIbTeT MATEMATHKH ¥ KOMIIBIOTED-
ubix Hayk, 350040, r. Kpacuomap, yi. Craspononbekas, 149. E-mail: vts@math.kubsu.ru



Conep:kaHme

Conep:kanue

1 Buwuroii crepkeHb

2 Teoperuydeckue OCHOBBI METOIA
2.1 Bapnanuonnsrtit npunnui Jlarpan:ka u ero npeodpasoBanue . .
2.2 Pemenme 3a1a91 . . . .. .. ...
2.3 Brolunciienne CleKTPAJIBLHOTO PAJTUYCA . . « .« o o o o o o o o o .

3 PacueTnl BUTOrO CTEpKHA

4 Yd4Yer OOIOJJHUTEJbHBIX OrPAHUYECHUN

5 BuToii cTep>KeHb € 3a/IeJIKOI OTHOTO KOHIA

6 AJbTepHAaTUBHBIN pacder

7 BpbIBoabI

8 Omnucanue daiiyioB apxuBa twisted.zip

8.1 Anmporcumariyss TPUTOHOMETPUIeCKUX (DyHKIHH . . . . . . . .
8.2 Pacuernl BUTOIO CTEXKHS € MAPHUPHBIM 3aKPeIieHuEeM KOHIIOB
8.3 Buroii crepKeHb ¢ 3aJIeJIKOM KOHIA . . . . . . . . . . . o . . .

Crucok jaureparyphbl

NoREN SIS

10

15

17

19

19

20
21
22
22

23



1 Buroii crep>KeHb 3

1 Bwutoii crepkKeHb

Bajaan 06 yCTONIMBOCTH YIIPYTOMl CTOWKHU MIPHU JAEHCTBUE IIPOJIOJIBHO CXKUMa-
IOITIEl CUJIBI OOBIYHO PEITaroTCs B CiIydae, KOorjaa JedOopMariust CTep:KHsI 10T
KPUTUYECKOI HATPY3KOIl JIEXKUT B OJIHOM IJIOCKOCTH. DByJileM HA3BbIBATH TAKHe
crepxkuu mtockuMu. [Ipu 6osiee ctoxKHON hopMe cTep:KHSA €ro JedopMalns
BBIXOJIUT 3a MPEJIeJIbl TIOCKOCTH (TPEXMEpPHBIN cTep:KeHb). B crpaBouHmnKe
[2, c. 52| npuBeseHbl pe3yJbTATHl PACUETOB JIJId TaK HA3bIBAEMOIO BUTOIO
(nHAYE, eCTECTBEHHO 3aKPYYEHHOI0) CTEP:KHS, BBIIOJHEHHOIO W3 OJ[HOPO/I-
HOT'O M30TPOITHOI'O YIIPYroro MarepuaJia. B KadecTBe TAKOBOTO MbI PACCMOT-
PUM CTEpKEHb, MMEOIINiT B HEHAIIPSI>KEHHOM COCTOSTHUH CJIE YOIy 0 (hOpMY.
Ecau nanpasuth BoJb crepxkus och Ot Tak, 9TO CTEPKEHb M300pa3UTCst
orpeskoM t € [0, [], TO KaxK/i0e MOIMEPEeYHOe CeueHne TpeJICTaBsieT coboi
IPAMOYTOJBHUK [—a, a] X [—b, b] (cauraem b < a) ¢ nenarpom ua ocu Of,
[IOBEPHYTHI Ha YTr0JI, IPOIOPIIUOHAIBHBIN KOODNHATE ¢ CEUCHUS.
CreprkeHb NOJBEpPKEH IPOJOIBHO cxuMaromeit cune P. Ilpu P < Py,
CTepKeHb YCTOIMYMBO COXpaHdAeT IpaMosmHeitHyio dopmy, a npun P > P,
npsMosrHelinasg dopma weycroiuusa |3, Imasa 4]. CoracHo crpaBodHu-

Ky [2],

) (1)

4
rae B, = gab3E — MeHbIIIag rjlaBHasg U3ruOHas XKEeCTKOCTh CEUYeHUS CTePIK-

Hsl, TIOMPABOYHBIN KO3 UIMenT » > 1 3aBUCUT OT MmapaMeTpoB CTEPIKHS, a
, KO DUIMEHT JTUHBI (1 OTBEYAeT 3a YCJIOBUS 3aKPEIJIeHIs KOHIIOB CTEePK-
He. /Ig mapHUpHOro 3aKperyieHnst KOHIOB f = 1.

Ha puc. 49 cnpaBounuka nmokasan rpaduk 3aBUCUIMOCTH KO DUImenTa s
OT TIOJTHOTO yTJia 3akpydeHHocTu W JjId CTEPXKHs, Y KOTOPOT'O OTHOIIECHHE
DJIABHBIX skecTKocTell pasro 0.2. Bocripousseiem 371ech 3ot rpaduk (puc. 1).

OTHOCUTEIBHO HEJABHO IOsIBUJINCH HOBBIE METO/IbI PEIICHUS U MCCJIE/I0-
BaHWsI KBA[PATHIHBIX BAPUAITMOHHBIX 3aj1a4 |1, b]. [losBuriach BO3MOKHOCTE
JIETKO TI0JIyYaTh 3HAYEeHUs] KPUTUYECKOU CUJIbI C TapaHTUPOBAHHOII TOYHO-
CThIO. Dbla coBepllieHa TONBITKA MOBTOPUTH HOBBIMU CPEJICTBAME 3aBUCH-
MOCTh, M300paxkennyio Ha puc. 1. B pesysibrare oOHApPYKUIOCH, UTO 3aBU-
CUMOCTH > OT W KadeCTBEHHO CJIOKHee, YeM 3TO IPEeJICTaB/ISAIOCH 1O JIaH-
HbIM [2]. [lasee, Mbl IpOU3BeIM HECKOIBKO 6OJIEe CIIOKHBIX IHCIEHHBIX 9KC-
IIEPUMEHTOB JIJIs1 BbISICHEHUSI POJIM TIapaMeTpa L.
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Puc. 1: U3 puc. 49 [2].

2 Teoperudyeckue OCHOBBI MeETOIA

Jl1s m3ytdennust yCTOHYMBOCTH CTEPKHA OBLI HCIOJIB30BAH BapUAIMOHHBII
npunmumn Jlarpamka [3] (IpuHIun MIHIMYMa TOTEHIUATIBLHOM SHEPIHn).

B obmiem ciayaae momyss FOnra E(t) mMeeT mOCTOSIHHOE 3HAYCHIE B KazK-
soM nioniepeunom cedennn F(t). Kak F(t), rak u F(t) MmoryT 3aBucerb, J1aye
pa3pbIBHBIM 00pa30M, OT t. B HeHAIPSKeHHOM COCTOSIHUU HEHTPbI THAKECTH
HONEPEYHDIX cedeHnil pacrosozxkensl na ocu Ot, Torga

/ U1 dl)l dUQ == / (%) dUl dUQ = 0. (2)
F(t) ()

2.1 Bapwmarnuonsblii npuanun Jlarpan>ka m ero npeoo-
pa3oBaHue

[Iycts Bexrop-dynkusa X : [0, I] — R? ¢ koopmunatamu (z1(t), xo(t))T ommu-
CBIBAET TIOTIEPETHOE OTKJIOHEHNE EHTPATHLHON TOUYKHN CeIeHNs ¢ KOOPANHATON
t OT TOJIOXKEHHS PaBHOBECHS B Pe3ysIbTaTeH JeOpPMAaIIi.

Crenys |3, ¢. 387-388|, Mbl npuHUMaeM TMIIOTE3Y MJIOCKUX CEYEHU
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u nostydaeM |3, ¢. 393] dyuximonan Jlarpanxa

: L/ 1, . § L\ 2
J(x,y) = / / QE(y + §(X, X) — v1dy — vgxg) dvydvy dt + Py(l)
0 JF@)

def T def
(rme x = (1, 2)", (0, V) = w301 + ugvy — CKaJSIPHOE [IPOU3BEJICHUE JIBY-

MEPHBIX BEKTOPOB, = = — ) C OrpaAHUYEHUSIMU

dt
x(0) =x(l) =0, y(0)=0.

B orimmane ot [3], MBI cTaBUM BAPHAIMOHHYIO 3a/1a1y HA MUHUMYM.
O6o3HaunM

ois(t) = E()L;(t) = E() / v dvydvg, i, j = 1,2,
F(t)

_ e1(t) eia(t)
olt) = (@12(75) 9022(t))

u3rubHbIX JKecTKocTeii. Yurem pasencrsa (2). Torma mosyanm

7 BBEJEM MATPHUILY

1 /[ oLl N
T =5 [ EOPO(+ 509) + (g de+ Py ()
0
Baech mioniap cevenns F(t) obosznadaercs srum xe cumposiom F(t). 13
KOHTEKCTa BCerJla fCHO, KOIJla UMeeTCsl B BUJLy reoMeTpuyeckas purypa, a
KOI'JIa ee ILJIOA/Ib.
EcTecrBenHo cuuTaTh, 4TO

H1) dbynkunsa E(t)F(t) usamepuma, sup E(t)F(t) < oo
te(0,1]
inf E(t)F(t) > 0;
w inf BOF() > 0
H2) dyukmun ¢;;(t) n3mMepuMbl 1 pABHOMEPHO OIPAHUYEHBL.

B stux npeanonoxkenusax GpyHKIMOHAN J ONPEIEICH, H €r0 eCTECTBEeHHO
paccMaTpUBaTh, Ha ~ NPOU3BEIEHHU  CODOJIEBCKUX  MPOCTPAHCTB
H?([0, {] — R?) x H'([0, {] — R). B 3Tux npocrpancTsax BbiOepeM HOPMBbI

Il = )1+ b0+ ([ 0a)”
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rje | - | — eBK/IMIOBA HOpMa JBYMEDPHOI'O BEKTODA, 1

il = o)+ ([ weorear)”

YeroitunBoe cocrosiaue papHoBects (0, Y) JTOMKHO JTOCTABISATH MUHIMYM
B BapuallMOHHON 3aja4e

J

(x, y) — min,
x(0) =

x(1) =0, y(0) =0. )

B unrepecyiomiem HaC COCTOSTHUM paBHOBECHS Bapualus (pyHKIonaaa J
paBHa Hy/H0. Bapbupys y u nogcrasus x(t) = 0, oTciona moJydaeMm

tds

EFj=—-P, jt)=-P [ —.
Y Y1) . IF

()

[MoxcraBum B (3) ¥ + oy BMecto y. Torga, B cuy (5),

1 1
T(O0+x, G+ 8y) = T (O, §) + 5T(x) + 5R(x, 0y),

rie

I(x) = /0 (%, p%) — P(x, %) dt,

l 1 2
R(x, §y) = / EF(ay 5, X)) dt > 0.
0

Takum 06pazoM, eciau KBaJpaTH4Hblil QyHKInoHan Z cTporo moJozKu-
TeJILHO onpejiesien Ha monpoctpanctse HE npocrpancrsa H?([0, [ — R?),
rie

9 def
B3 % x(0) = x(1) = 0},
TO ecTh 3a/1aua
Z(x) — min, (6)
x(0) =x()=0

umeer B Touke 0 eMHCTBEHHBIN MUHUMYM, TO mapa (0, ¥) mocraBiser 3aja-
qe (4) eIMHCTBEHHBI MUHUMYM, U CTOWKA YCTOWIMBA.

Ecim xe dynknuonan Z He ABJIAETCS TOJIOKUTEIHLHO OIPEJIETEHHBIM,
TO CyIIECTBYET Takoe OTKJOHeHHe X, 410 Z(x) < 0. BeseacrBue oreHok

! 1/2
sup |[x(t)] < |x(a)] + \/Z(/O (%(t), x(1)) dt>/ < const||x|| umeem

te(0,1]
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|R(x, 0)] < const-||x|*. IIpu gocrarouno mambix « u dy = 0 noayuaem
J(O0+ax,y)—T(0, y) <0, To ectb Munnmyma B Touke (0, ¥) HET, 1 CTOHKA
HEyCTON4YMBa.

Takum 06paszoM, B IpeobpazoBaHHOM BAPHAIMOHHOM IIPHHIIUIIE YIaCTBY-
IOT TOJIBKO (,ZLByMeprIe) IHorepevdHble OTKJIOHCHW A OCU CTEP2KHA:
NPAMOAUHETHOE COCMOANUE CTNOTKY YCMOTUNUBO, ECAU U MOALKO ECAU COCTMO-
anue pasnosecus X(t) = 0 docmasasem eduHCMBENHDIT MUHUMYM 6 GAPUA-
yuorHol 3adave

l
I(x) = / (%, ¢X) — P(%, %) dt — min, (7)
x(0) = x(1) = 0.

B,ZLGCB KpaeBble YCJIOBHA OTBE€YalOT HIaPDHUPHOMY 3aKpPEIJIEHWIO KOHIIOB
CTEP2KHI.

2.2 Pemenue 3aga4dn

Benencrsue nepasenctsa Kommm-BynskoBckoro

det (1) = @ui(t)paa(t) — ¢T5(t) > 0.

[Tosromy marpuna (t) cTporo MOJOKUTENBHO OINpeJjesieHa P KaxkKI0M t.
Mpur Oyjiem moJiaraThb, 9TO
H3) inf det(t) > 0.

t€(a, b]

Torna |6, Teopema V.6.2| cymiecTByerT cuMMeTpHUIHAS CTPOIO MOJIOKMU-
TeJIbHO OlpeJie/ieHHas Marpuna (t) = ©(t), To ecTh Takas, UYTO
V2(t) = ¢(t); n iFfb] det(t) > 0. @ynkmmonan Z : HZ — R npuobpera-

t€la,

eT BUJL
I(z) = /0 (0%, U%) — P (%, %) dt.

Nnea W-meTosa cOCTOUT B IIePEBOJIE KBaIPATHYIHON BapHAIlMOHHON 3a-
Jlagu B pocTpancTBo Ly KBajgpaTudHo cymmupyembix pyukinii. Jljst aToro
HCIIOJIb3YEeTCsI TaK Ha3bIBaeMasi MoJeAbHaA Kpaesan 3ada4a, KOTopast JIJisi Ha-
el BapuarmonHon 3a/1a91 UMEET BU/JT
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EuHncTBeHHOE perieHne 9Toi 3a/1a9u OIPeJIeIgeTcss PABEHCTBOM
x = G 'z, (8)

e G — cKaJIsIpHBI UHTErPaIbHbBIA OIIepaTop € SAPOM

Gt s)——l s(l—t), t=s,
L tl—s), t<s.

Do dyuknus ['puna crangapTHoil (ckassipHOil) KpaeBoii 3ajaun & = z (2 €
L), z(0) = z(I) = 0. B npocrpancrse Ly ([0, ] — R?) oneparop G neiictyer
HOKOMIIOHEHTHO.

Orobpazkerue (8) 0CyIEeCTBIAET B3aUMHO OJTHO3HAYHOE COOTBETCTBUE MEXK-
7y THIB6epTOBbIM TipocTpatcTBoM Lo ([0, 1] — R?) co ckassipHBIM TpOU3Ee;Ie-

I
HueM (U, v) = / (u(t), v(t)) dt, c ogmoit cropomst, n nompocrpancrsom H3,
0

COCTOAIINM U3 JIOIycTUMbIX dyHKImil 3aga4n (6), ¢ 1pyToit.
Basaua (6) sTuM oToGpazkeHueM MpeobpasyeTcst B CACIYIONLYIO 3aJady B
npocrpancrse Lo([0, 1] — R?):

F(z) = (z, z) — P< (%G)zﬂ‘%, (%G)¢‘lz> — min,

KOTOopad yzKe HE UMeeT OTpaHuYCHUNA.

d _+,d

Tax kax (—G) (—

dt dt .

AJlpa UHTEI'PAJIbHOI'0O OllepaTopa B JIEBOI YaCTU 9TOI'0 PaBEHCTBA, TO 3a/a4a
HPUHUMAET BUJ,

G) = —@G, B 9eM MOXKHO yOeIUThCsI BBIYUCICHIEM

F(z) = (z, z) + P(¢y"'Gy¢" 'z, z) — min. 9)

Hpyroii crioco6 nomyants 3agady (9) — B (7) B34Th 110 4acTsiM HHTEIPAJT

I
/ (%, %) dt = — / (x, %) dt = — (G2, 7).
0 0
Tak Kak orepaTop —Q MOJIOKUTEIBHO OIpe/iesieH, To u3 |5, § 3.1] ciemyer

Teopema 1. Ecau
def 1

P < Py, Q)
(r(-) — cnexkmpanrvhvt paduyc onepamopa), mo s3adaua (9), a, caedosamenn-
no, u (7), umeem eQuUHCMBEHHVIT MUHUMYM.
Ecau P> Py, mo munumyma wem.

(10)

Taxkum obpazom, gopmyaa (10) daem kpumuueckoe 3navenue cuabi, npu
KOmMopom cmotixa mepaem Ycmotiiueocmsy.
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2.3 BpruncieHnne coeKTpaJbHOI'O pajnlyca

Paszimanbie METO/IBI HAXOKJIEHUS ClIEKTPaJIbHOro pajuyca r(Q) camoconpsi-
JKEHHOT'O BIIOJIHE HempepbiBHOTO omnepatopa Q # 0 B ruisbepToBOM IpPO-
crpaHcTBe pacemorpersl B |7, § 12], |6, § XV.2|, [8, § 9]. Mbr ucnosszyem
3Jiech MeToj, Osm3kuit Kk Meroay Kosumarma. Ha narmn B3ruisi, BbIOpaHHBIM
METOJI, OTJIMIAETCSA TPOCTOTON pean3alin 1 HAWIYIIIIM 00Pa3oM MPUCIIO-
cODOJIeH JIJIsT pacYeToB B Cpejie TTaKeTa CHMBOJIBHBIX BBITHC/IEHUI.

Bruibepem zg u mosnoxkum z; = Qz;_1, ¢ = 1,2, .... Ilyctb E— opro-
POHAJIBHOE JIOTIOJTHEHNE KO BCEM COOCTBEHHBIM BEKTODAM, OTBEYAIOIIIM COO-
CTBEHHBIM YHUCJIAM, MOJLYJIb KOTOPbIX paseH 7(Q).

Teopema 2. [locaedosamenvrocms wucen ”HZZHH neyowvisaem. FEcau
Zi—1
20 ¢ E, mo
@ (1)
[zi-1

Crodumocmv ne Tyoce crodumocmu CYMMDBL HYNEHOB zeomempu%ecmoﬁ npo-

r(Ql,)
r(Q)

2peccul, co 3namernamenem q = < 1, 2de Q‘El — cyotcenue onepa-

mopa Q na nodnpocmparcmeo E.

Jlokaszamenvcmeo. CxomuMocTh JloKazana B |5, reopema 3.8].
s mokazarebcTBa HEPABEHCTBA

197 _ Q=]
Qa1 = el

(12)

HCIIOJIB3YeM CIEKTpasIbaoe pasioxkenne ¢(Q) = / o(1)dl;, tne I, — crek-

TpaJibHasg (PYHKIM oneparopa Q, a uHTErpajs depercs 1Mo OTPe3Ky, COoaep-
JKalemy BHyTpH cebs criekTp oneparopa Q (em. [0, § V.6 u §I1X.5]).

U3 sToit bopMyabl BhITeKaloT pasencTsa ||z]|* = (2, 2) = [ 1d{I,z, z),

1Qz|1*> = (Q%z, 2) = /72 d(I,z, z) u, anamornuno, | Q*z||* = /74 d(1,z, z).

ZKenaemoe HepasencTBo (12) 9KBUBAJEHTHO HEPABEHCTBY

([t 2) < [raz - [z )
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Oynknus 7 +— (I z, z) — HeyObIBAOIIAs 1 TOTOMY IIOPOXKIaeT Ha Orpa-
HIYEeHHOM WHTepBaJle 0-aJINTUBHYIO KOHeuHyIo Mepy. [losTomy mocrennee
HepaBeHCTBO cJejlyeT n3 HepaBeHCTBa Komm-bBynakosckoro. O

3ameuanne 1. B daiine zip://iters.zip/Convergence.pdf umeercsa
JIOKA3aTeJIbCTBO AHAJIOIMYHBIX YTBEPKICHNN O€3 IIPEeIIOI0XKEeHNs O MOJIHOM
HEIPEPLIBHOCTH oreparopa. B aTom Ke JJoKyMeHnTe HPHUBOJATCA Pe3yJibTa-
Thl BEIYUCIUTEIbHBIX SKCIEPUMEHTOB 110 OIPEJIEICHIIO XapaKTePa CXOIUMO-
cru (11) 171t cCAMOCOTIPSIZKEHHBIX OTIEPATOPOB, HE SIBJISTIOIINXCST BIIOJIHE HEIIpe-
PBIBHBIMU.

3 PacdeTbl BUTOTO CTEpPXKHH

T
MBI IPpUHSIN TOCTOAHHYIO CKOPOCTH 3aKPYTKH CTEPXKHsA, Tak 9T0 W = — [, n
2

BapbUPOBAJIH ero JyinHy. J1Jis Takoro crepkHst nMeeM (pacdersl M. B daiie
calc.mws)

9F a® + b* + (a® — b?) cos 7t (a® — b*)sin 7t
Pt = ?ab ( (a® — b*) sin 7t a® 4+ b* — (a® — b*) cos Wt)
i) — 3 <a2 +b* — (a® — b*) cos Tt —(a® — b?) sin 7t )
8a*b’E —(a* — b?*)sint a® +b* + (a® — b*) cos mt 7

1, OKOHYaT€eJ/IbHO,

=V A(t),

4ab\/ FEab

rie

a+b—(a—"0b)cosmt —(a —b)sinnt
Alt) = ( > : (13)

—(a —b)sinmt a+b+ (a—b)cosmt

(samermm, aro det A(t) = 4ab, ||A(t)|| = 2a) u, B pesyabrare,

4a? 2
S — 14
T r(AGA)’ (14)

rjae A — omeparop ymHOXKeHUsT Ha MaTpuity A(t).
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CKOPOCTH CXOJUMOCTH METO/Ia, OIMMMCAHHOTO B II. 2.3, OYeHb CyIIeCTBeHHA,
TaK KaK KayKJias CJaeIyIolnas NTepalins BBIIOJIHAETCS ¢ O0Jee CI0KHBIMI BbI-
paXKeHusiMI — W, CJIeJIOBATEIHLHO, JIOJbIIe — YeM IHpebiaymas. Teopema 2
rapaHTupyeT CXOJMMOCTH CO CKOPOCTBIO T'€OMETPUIECKO IPOTPECCUU CO 3HA-
MEeHATEJIeM, PABHBIM OTHOIIEHUIO BTOPOr0 COOCTBEHHOTO YHUC/IA K CTaPIIEMY
nepomy. [losTomy m1g ycKOpeHHs CXOUMOCTH ITIOJIE3HO BBIJIE/IUTH WHBAPU-
aHTHOE Mo/ AIpocTpancTBO oneparopa AGA 1 Ipou3BOANTH UTEPAIINNA B HEM.
B sTom mogmpocTpaHcTBe TOABUTCS JIMIID YaCTh COOCTBEHHBIX YUCES OIepa-
TOpa, B pe3yJIbTaTe 4ero 3HaMeHaTe b IPOIPECCUN MOXKET CTaTh MEHBIIIE.

Bajada (7) mHBapHAHTHA OTHOCUTEIHHO ITPEOOPA3OBAHIS

a(t) = (S0)0) (g vy ) att -

KBa/JIpaT KOTOPOI'0 €CTh TOXKJICCTBEHHBIN orepaTop.
PaccemoTpum nogmmpocTpancTBa

St ={z:Sz =z},
S~ ={z:Sz=—z}.

Nnmeem S S
z:z+2 Z+Z_2 Z L L,=Stes.

JIlemma 1. a) Onepamop S camoconpasicen;

6) (Su, Sv) = (S*u, v) = (u, v);

6) ST LS ;

2) QS =5Q;

d) Q(57) = 5%, Q(57) =57,

e) ecau Qz = Az, mo QSz = A\Sz;

orc) KascAomy cOBCMBEHHOMY 3HAMEHUIO A COOMBEMCMEYEm co6CMEeH-
nas gyrnkyus € ST uau € ST

Jloxazamesvcmeo. Mbl MHOTOKPATHO HCIOJIB3YEM TOT (akT, UTO OIepaTop
YMHOKEHHST Ha MATPHUILY-KOHCTAHTY KOMMYTHPYET CO CKaJIsIPHBIM JTUHEHHBIM
OoepaTopoM, JAeHCTBYIOIIUM ITOKOMIIOHEHTHO.

cosV¥ sin W

sin U — cos W
PYIOT B CaMOCOIPSIZKEHBI.

6) OUYEBUIIHO CJICJLYET U3 A);
Bjue St,ve S = (u, v)=(Su, Sv) = (u, —v) = —(u, v).

a) Marpuna R = ) u oneparop z(t) — z(l — t) kommyTH-
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r) Bmecro oneparopa Q paccMOTpUM HPOIOPIHOHAIBHBII €My OmepaTop
AGA.

Umeenm (ASz)(t) = A(t)Rz(l—t) u (SAz)(t) = RA(I—t)z(l —t); Toxze-
crBo A(t)R = RA(l —t) moyqaercs HEIOCPECTBEHHBIM CIETOM C UCIIOJIB30-
BaHreM (DOPMYJI CyMMUPOBAHUS U3 TPUTOHOMETPHUH; TaK ITO A KOMMYTHPYET
cS.

G koMmMmyTHpYeT ¢ onepatopoM z(t) — z(l —t) u ¢ marpuneit R; Tak 4ro
G KomMyTHpPYET C S.

Orciona 1 AGA kommyTupyer ¢ S.

nNzeSt=82=z2=SQz=QSz=Qz= Qzc S™.

k) Eciu z yjoBierBopsier ypaBHEHUIO

Qu = \u, (15)

Sz 7 —

€St u

Henwio (15), u mo KpaifiHeit Mepe ojHa n3 HuX oTindHa ot 0. O

Z _
TO, B CHJLYy T), (DYHKIHN € S yJI0BJIETBOPAIOT ypaB-

BoIBo: i YCKOpEHHS CXOJIMMOCTH MOXKHO OpaTh HadaIbHbIe (PYHKITUN
u3 nojnpocrpaners ST u ST, BHocjaeACTBUN BLIOMpasg TOT HPOIECC, KOTO-
PBIi IPUBEIET K OOJIbINIEMY 3HAUYEHHIO. B KadecTBe HAYAJIbHBIX (DYHKITUAN MbI
BBIOUpaeM (PYHKITUU-KOHCTAHTBI, IPOIMOPIUOHAILHBIE CJIETYIOTIIIM:

L U T \ U T
zo= (cos—,sin—) €87, zy=(sin—, —cos—) €8
0= (cos 7, sin ) 0 = (sin 5 5)
st ynobersa npuMeHeHus makeTa TpuronoMerpudeckue Gyskiym B (13)

OBLIN 3aMEHEHbI KYCOYHO-MHOTOUJIEHHBIMU (DYHKITHSMU:

1 1
- —1t t 0, =
o p(2 )7 e( Y 2]7
cost = C(t) = —p(t — 1)7 t e (l’ 1],
2 2
1
o), tel o,

. N def 1
sinmt =~ 5(1) = p(1—t), te (s, 1]
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06 t+ o1 o 1793 34 395 t paBHOMEPHO 0 aer ¢
_— —_— _— — BHOMEPHO IIPU n>KaeT HK-
IERRE7ERNETA TEA pHo HpHbA y

A0 Sin 7t Ha OTpe3Ke [— > 5] [TorperrHocTh armpoKcUMaInu He IIPEeBOC-
xomut 0.31-107° (cm. approx.mws).

B pesyabrare Bmecto omeparopa A ymHOXKeHusi Ha Marpuily A(t) mo-
SIBUJICSL orepaTop B yMHOXKeHHsT Ha KYyCOYHO-MHOTOUWIeHHY0 MaTpuity B(t),
npubsmsnresibio paBayio A(t). VimeeMm crieryroniyio oleHKy BO3HHUKAOIIEH

OT 9TOI'O IIOI'PENIHOCTU:

e p(t) =

r(BGB) — 7(AGA)| < a(a —b)1*-0.252-107°. (16)

PaccanrsiBasics crepkenb, 1Mo ¢cBoUM mapamerpam a = 1, b=4/9, £ =1
OJIM3KUIL K CTepIKHIO, paceMoTpenHoMy B [2]: B,/ B, = b?/a* ~ 0.1975 ~ 0.2.

Metom Teopembl 2 npumensiica K oneparopy BGB. B cuty Tounoro xa-
paKTepa CHUMBOJIBHBIX BBIYHC/IEHUI CpalnoHaJbHbIME Jipobsvu B Maple,
€JIMHCTBEHHBIM UCTOYHUKOM IOTPEITHOCTH HPU TOM SIBJISETCs IMPEKpaIlie-
e urepannit. O6mast cxema jgokyMmenta Maple, peanusyroriero nreparun,
cojiepxKuTcd B haiiyie iters.mws.

[IpuBenem iyt mpuMepa TUIHYHBIN pacder (I = 2,
U = 7). Jlna navanbnoit dbynxkuun zo(t) = (1, 0)7 i IEAl
nocJjieIoBaTeIbHoCTh pubsnkennii K r(BGB) (nmosty- [Zi—1]]

1.086560086
1.347826786
1.348285710
1.348286675
1.348286677

JeHHas puMeHenneM daitia iters49_2.mws) npuse-
IeHa B TaOJIAIIE.
Orcro/ia 3aK/II09aeM, 9ITO

r(BGB) € [1.3482866, 1.3482867].

Uik W I[(N |

B cuny (16),
r(AGA) € [1.3482810, 1.3482923)].

Barem, cormacuo dopmyre (14), » € [1.202364, 1.202375]. OxkoHUYaTEIBHO
mvieeM > = 1.20235 +0.5- 1074

bouto paccamrano Oosiee H0 3HadeHMit [, HAXOMAINIUXCA B IIpeesax
or 0 go 10.1, uro coorsercreyer W € (0, 5.057]. VHTepBasbHble OleHKN
JIJISE 2 TTIO3BOJISI/IN BBITUCHIBATD 3HAYEHUST STOT'O IIapaMeTpa ¢ MOIPEITHOCTHIO,
ne npesocxongmeit 0.5 - 1074, Hauamo kpusoit xopomo nosropgeT puc. 1. A
ee TpojioJKeHne (puc. 2) KadeCTBEHHO OTIMYAETC OT M300PayKeHHOIO Ha
puc. 1.
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>

v

Puc. 2: Basucumocts 3¢ or ¥ jyist b/a = 4/9. OrMedens! mostydeHHble pacieTHbIe
TOYUKU

Ha ocnoBanuu pacueToB ¢ yKazaHHOI TOYHOCTHIO MOYKHO CJI€/IaTh CJIe/Ly-
IOIIE BBIBOJIBI. 3aBUCUMOCTH 3 OT W, BOIIPEKU TOMY, U4TO HAPUCOBAHO B |2,
He MOHOTOHHAsI U He IiaJikas. Hemuoro npasee Touek 27, 3w u 47 (mpumep-
HO B Toukax 2.017, 3.0037 u 4.001 7) rpacduk umeer ,3y061p* — TOUYKU, B
KOTOPBIX NMPOU3BOAHAA (DYHKIIUNA CKAYKOOOPA3ZHO MEHSETCS C IOJIOXKUTE b
HOT'O 3HaUYEHUs Ha oTpurareaboe. Mex ity 3ydraMu rpaduk uMeeT ryiaiKue
,,BIIQIUHBI.

[TorpITKa MaTeMaTHYeCKOro 00bsICHEHUsT TAKOT'O siBJIEHHUS 3yOIIOB U BIla-
JIUH COCTOUT B CJIeyoIeM. PaccMOoTpuM 3aBUCHMOCTH CIIEKTPAJILHOTO pa-
juyca orneparopa AGA or U B KaxK/IOM U3 MHBAPUAHTHBIX MOJIIPOCTPAHCTB
St u S™ ornenbno. ['paduku i CleKTpaIbHBIX PAIUyCOB, MPUBEICHHBIX
K eJIMHUIHON JIJINHE CTePXKHs, IIPUBEJIEHBI Ha PUC. 3.

Orciona cieayer, 9To i Bcero mpocrpancTsa Lp rpaduk 3aBUCHMOCTH

r(AGA)

2
BHE3“. A 06paTHO HPOIOPIHOHAIbHAS BEJIMUINHA KAK Pa3 I eCTb Koy durru-
eHT .

or ¥ umeer KyCO‘{HO—I‘JIa,ZLKI/Iﬁ BUJ, C ,,SY6HaMI/I, HallpaBJIEHHBIMU

OOGbsicHeHME ¢ TOYKM 3DEeHHsi MEXaHUKHU siBJIEHUs 3yOlOB W BIAJUH, a
TaKKe CMEIIeHns 3yOI0B BIIPABO, €Ie PEJCTOUT HANTH.

[IpuBe/ieM PUCYHOK, HE TOJBKO YTOUHSAIONINHA, HO U JIONOJIHSIONMI JTaH-
Hble |2| s Hekoropwix 3nadenuit b/a (puc. 4).
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r /1%
0.26

0.25

0.24

023

Puc. 3: /Ise BeTBU COOCTBEHHBIX YHCET

4 VYd4er AOIIOJIHNTEJIbHBIX OI‘paHI/I‘IeHI/Iﬁ

JlonmomHuTENbHBIE CBA3M, HAIIPUMED, 3a/IeJTKa OHOTO M3 KOHIIOB CTEpXKHS,
MIPUBOJIAT K CJIEIYIONIEN BapUAIMOHHON TTOCTAHOBKE 3a/1aUn: NPAMOAUHETHOE
cocmoarue cmotKky Yycmotvuueo, eCAU U MOALKO eCAU COCNOAHUE PAGHOCECUA
x(t) = 0 docmasasem eIUHCMBEHNBIT MUHUMYM 6 6aPUALUOHNOT 3adaHe

X) — P(%X, X) dt — min,

T(x) = /<

x(0) = x(I)
Ux =0, i=

(17)

pX
0,
1,

Jluneitnble HenpepbiBHbIe GyHKIMOHAB £ (OIpeie/IeHHbIe Ha TPOCTPAHCTBRE
H?([0, {] = R?)) onucbliBaior 9TH JONOIHATEILHBIE OIPAHITICHUSL.

Cornacno teopeme Pucca, cymecrsyior taxme I = (Gy™1)'¢0 €
€ Ly([0, {] = R?), uro ycaosue ('x = 0 npu 3amene (8) SKBHBAJIEHTHO YCJIO-
suio (I', z) = 0. Torga 3amaua 06 yCTONIMBOCTH CBOJIUTCA K UCC/IEIOBAHHIO
OJIOZKUTE/TBHOM OPEJIeJIeHHOCTH KBaJIpaTUIHON (hOpMBbI

F(z) = (z, z) + P(Qz, z)

Ha monpocTpacTse Z ... 1

WM, 9TO SKBUBAJEHTHO, IIOJOKUTEJILHON OIPENeJeHHOCTH Ha Z OllepaTo-
pa I+ P(I — PGy,

WM TI0JI0XKHUTEIbHON  onpesesennoctn na Lo([0, 7] — R?) oneparo-

pa I+ P(I —P)y~'Gy~'(I — P),
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V4
2.0F ==y T T
| | | | | | | . . 11/10
T R N e S I M P YT
I N s e N R Y
I S s e s s S
T R Y/ s S N NN W S PYIT)
e S L - s S S LT
Y /45 N I N NS S
Y] RN SN SN /728976 s W T N S S
N 74 N A N
- s o L
gy L A——————9/10
w1
0 ™ 2 3m 4m om W

Puc. 4: Basucumocts s or ¥ st 3uavenuit b/a or 1/10 po 9/10.

rne P — oproronajbHBIl HPOEKTOP Ha JHHEHHYI0 000JOUKY Z© CHCTeMBI
bynxmmit 1), i =1, ..., m.

PaccmarpuBaembie orlepaTopbl — HHTErpajibHbIE U CAMOCOIPsIzKEHHbIE B
COOTBETCTBYIOINIUX IpocTpaHcTBax. CoracHo Teopeme 1, KpUTHUIECKOE 3HA-
YeHUe CUJIBI ONpeJIesseTcss hpopPMyJIoit

1 1
Bo = r((I =Py1Gy=)  r((I-Py'Gy=(I-P))’

e HepBbeI U3 CIEKTPpaJIbHBIX PaJuyCOB BbIYUCJ/IACTCA B IIOJIIPOCTPAHCTBE
7, a BTOpOit — BO BceM Lg. 3HadeHne CreKTpajgbHOTO PaIyca MOYKHO BbI-
YUCIUTH METOJIOM, PACCMOTPEHHBIM B TeOpeMe 2.
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5 Butoii crepkeHb ¢ 3aeJIKOII OJHOIO KOHIIA

Bepuemcs xk dopmyite
7T2By
Ho =G @
VA

OdeBuHO, 9TO pazindeHne Ko3(pUIMEHTOB » U [ B arperare o = — UMeeT

CMBICJT TOJIBKO B TOM CJIydae, KOIJa 3 He 3aBUCUT OT ,, XapaKTepa 3aKperLie-
HUs KOHIOB CTeP:KHs |2|, KOTODBIii ompe/iesiseT, B CBOIO 0Uepe/ib, 3HaYeHIe
,Koadurmenrta Junabl . s u3ydenus 3aBUCUMOCTHU (i OT IapaMeTpPOB
BHUTOI'O CTEPXKHA HAMU OBLIM TPOJIEIAHbI YNCTIEHHbIE SKCIIEPUMEHTHI CO CTOM-
KOl Takoil ke (hOpMBbI, YTO U BBIIIE, HO YCUJEHHON 3aJ1esiKoil KoHma ¢t = (;
9TO IPUBOJUT K JOMOJHATETBHBIM KpaeBbiM ycaoBusaM i (0) = &2(0) = 0.

CorytacHo |2, 71s1 TIOCKOTO CTEpKHS IPU TAKUX YK€ YCJIOBHUAX 3aKpertie-
HUs KOHIIOB 3HadeHue Kodddunuenta aaunbl i = 0.699.

YesioBre 3aJ1€JIKHU TIOPOZK/IaeT, B CHJLy MOJICTAHOBKH (8), OrpaHuveHre Bu-
l

na [ G0, s)Y " (s)z(s) ds = 0; oTCI01A, C TOYHOCTBIO JI0 TIOCTOSHHOTO MHO-

0
KUTEIS,

11(t) = (t = 1) (a + b— (a — b) coswt, —(a— b)sin7t) ",
(t) = (t = 1)( — (a—b)sin7t, a+b+ (a — b)cosnt) .

st yobersa npuMeHenust maketa Ly Mbl OpTOrOHAIM3UPOBAIN 3Ty CUCTE-
My BEKTOPOB ¥ 3aMEHMUJIH II0JIyHeHHbIe BeKTOP-(PYHKIMM UX KyCOYHO-IIOJIH-
HOMHUAJILHBIMHI aIllIPOKCHMAIUAME 1] 3aTeM pacCYuTLIBAIN OTHOCHTEILHYIO
[T — 1
B 7] B
JenHoro umu mpoektopa P morperaocts |P — P onernBanach ¢ momormisio
CJIELYIOIEeH JIEMMBI.

[IOI'PENTHOCTD AIIIPOKCUMAIIAN (daiter app*_*.mws). s mopox-

Jlemma 2. [Iycmos P — opmozonasvruit npoexmop na Aunetinyo 0060404~

Ky OpMOoHopMuposantoti cucmemul eexmopos IV, ... 1™, Ecau ||I' — || < e
oani=1,...,m, ede m(2+¢e)e <1, u P — opmozonasvrwvti npoexmop na
aunetinyro oboarouky eexmopos 1L, ... 1™, mo

m(m+1)(2+¢)
1 —2me —me?2 "’

IP-P| <e (18)
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Jloxazameavcmeo. 1lpoekTopbl UMEOT BU/I

Pr=) (I 2)l', Pz=>)_ Z I, (19)
i=1 =1 j=1
e ' = (%j)Z;’:l =G 4= ((lz ﬁ}):n_l — Mmarpuna I'pama BeKTOpPOB 1.

I[Iycts E = (5”)” . = (513):';:1 —  eIUHNYHAaA MaTpPHUIa.
Torma |(I', 7Y — 6] < Eg 26 462,
s toxaecta I — E = E — G+ I'(E — G)? umeem

2
def me

g
Yig — il S ey = eg+ 1= me,’

rak xax || = |(E— (E—G)) 7| < (1 |E - Gy) < (1 —me,) L.
Myers ||z]| = 1. Cornacno (19), [[Pz—Pz| < sz 0 142, ) 7]+

i=17=1
+ SN =0, T+, 2] TP =] < m2e,(1+€)? +me(2+¢). O6b-
i=1 =
eJINHUB BCe OIEHKH, mosrydaem (18). O

Ha sTom ocnoBanmu IIoJIydaJin OIEHKY IIOI'PEHIHOCTHU

Ar % |r((I = P)BGB(I — P)) — r((I — P)AGA(I — P))|. (20)
DTN BBIYHCIIEHU: NIPUBEJIEHBI B (ailyiax app*_*.mws.

Hanee, daitibr itersfixk_%.mws cojepxaT aaropuTM BHIMUCICHHUS CIICK-
TpasibHOTO pajmyca jis oneparopa (I — P)BGB B npocrpancrse Z mero-
JIOM, PACCMOTPEHHBIM B TeopeMe 2 (sJipo MHTErpabHOrO OllepaTopa, P Jterko
CTPOUTCS C MCHOJB30BAHUEM IIPOIEAypPHhl 12m FKpI‘OJeCtOI' HaKeTa L2> B
pesyJIbTaTe OJTydaeTesl HHTepBasibHast onenka 1y r( (1 — P)BGB(] — P))
pacimpenre KOTopoil B cuity oreHku norpernHocta (20) maer wHTepBaJ s
r((I - P)AGA(I - P)).

Sajaun ¢ 00OMME IIApHUPDHBIME KOHI[AMH peImaioTca B daiinax
iters*_x.mws. B pesysbrare cpaBHEHMS MBI [IOJTy9aeM JBYCTOPOHHIOW (MH-

r((I —P)AGA(I — P))
TEPBAJIBIYIO) OIEHKY HapaMeTpa [l = (AGA) IpH ycJIo-

BUU, YTO » 3aBUCHUT TOJILKO OT (POPMBI CTEPXKHS, & He OT YCJIOBHIl 3aKperLie-
HHsT €r0 KOHIIOB.



6 AJbrepHATHBHBIH pacder 19

IL.HI/IHBI IIOJIYYEHHBIX MHTEPBaJIOB II03-

BOJIAIOT BBIINCATH 3HAYEHHE [ C OIMUOKOIA, v p, £0.5-107°
ne npesocxostmieit 0.5-1073 (em. Tabmiy). bja—4/9 | bja=1/10
st mtockoro  crepxKug  (T.e. s
U = () KOHTPOJIBHBII pacder TpexMepHOii 0 0.699 0.699
381491 HAIIMMU METOJIAMU JIETKO JIAJT 3Ha- -
gerne 1 = 0.699156 4 0.5 - 107%, wro coot- 50 | 0698 0.671
BercTByeT 3nadeHnio 1 = 0.699 uz [2]. 3
Takum 06pa3oM, 3HAYEHUE (i 3aBUCUT 0 0.688 0.534
KaK OT MOJHOIO yIJIa 3akpydeHHoctu W, -
TaK u OT b/a, TO eCTh OT OTHOIIEHUsI TJIaB- 7 | 06705 0.4535

HBIX U3rMOHDBIX YKECTKOCTEIA.

BO3MO}KHO, JJIEL CTQp}KHS{ C TaK1UM SKCTpeNIaHbHO BBITAHYTBIM ceuyeHueMm
b/a = 1/10 paccMoTpeHHasT MOJIeIb HEJOCTATOUYHO ajleKBaTHA (MOXKHO IMOJI-
BEPrHyTb COMHEHUIO TUNOTE3Y IJIOCKUX CEUEHUiT), HO 9TH PACIETHI TTOKA3bI-
BalOT TEOPETUYECKYIO HEIPUMEHUMOCTh KOHIEHIMN KO3(pUIUEHTa IJIMHBI
JIUIS HEILIOCKUX CTEPZKHEIA.

6 AJbTepHATUBHBII pacdeT

Y100bI yCTPAHUTH €CTECTBEHHO BO3HHUKAIONINE COMHEHUs, OBbLT IIPOU3BE/IEH
s
pacuer mapamerpa i jgiada W= 1 u b/a = 1/10 merogom tuna Purna—

lamepkuna. DTOT pacder MOATBEPIII BBIBOJ O TOM, 91O [ # 0.699.
Tak kak nmaker Lo He mcnob30BaJicss B 9TOM pacdere, TO OIMUCAHUE €ro
3/1eCh HE TIPUBOINTCH.

7 BbiBoabl

1) TIpemioxken 3pdEKTUBHBIN METOJ pellleHnsl 3a/1a9 ¢ IPUMEHEHUEM
rakeTa Lo, MO3BOIAIONINI HECJ0KHO TIOJIyYaTh PE3YJILTATHI C JIETKO KOHTPO-
JINPYEMOI ITOI'PEITHOCTHI0. DTa TEXHOJIOIHs CTaja JOCTYIIHON TOJBKO IpPH
COBPEMEHHOM YPOBHE Pa3BUTUA KOMIIBIOTEPHOU TEXHUKH U ITPOrPAMMHBIX
CPEeJICTB.

2) B pesysbrare 9MCIEHHBIX 9KCIEPUMEHTOB ObLIN OOHADYKEHBI HOBBIE
KadeCTBEHHbIE 3aKOHOMEPHOCTU B 3aBUCUMOCTU KPUTUYECKOIN CHUJIBI OT Iia-
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paMeTpOB BUTOI'O CTEPXKHSI U XapaKTepa 3aKpeIlieHns] ero KOHIIOB. fIBjieHne
,3yOIoB" n ,BHaJInH" 00BACHACTCI CIEKTPAJLHBIMU CBOWCTBAMU BO3HUKA-
IOIUX B 3ajade OlepaTopoB B IIPOCTPAHCTBE KBAIPATUIHO CYMMEUPYEMbBIX
dyuxmuit. ObbsicHeHnEe ¢ TOYKU 3PEHUsT MEXaHUKN KaK 9TOr0 SIBJICHHS, & TaK
U cMelleHns: 3yOIoB BIIPABo, eI MPeICTOUT HANTH.

3) Konnenmnus ,,koaddurmenra JIUHB 0YEBUHO TPUMEHIMA B CJIy-
1ae IJI0CKOro crepzkusi. Ho ee pacipocrpanenne Ha TpexXMepHbIe CTeP:KHI, a
TeMm GoJiee UCTIOIb30BaHKe 3Hadenuii (1 u3 Tabaun [iaser 1 2], paccunranabix
JUTS TJIOCKUX CTEPKHEH, IPUBOJUT K OMIMOOTHBIM OIEHKAM KPUTUIECKOH CH-
abl. [To-Bummomy, Bmecto (1) ciemyer mmcaTh TpocTo

2
B,

l2

Py =«

U JUTsl KayKJI0r0 BaphaHTa 3aJeJIKN KOHIOB (M JIOTOJHUTENBHBIX OIOp) OT-
JIeJILHO ONUCHIBATHL 3aBUCUMOCTb v 0T W u b/a Hamomobue TOro, Kak mpej-
CTaBJIEHO Ha puc. 4.

8 Omnmcanue daityioB apxuBa twisted.zip

Pacuersr npousBopmimck ¢ ucnosb3oBanneM nakera Lo [9], npennasnaden-
HOI'o JIjigdd IIPOM3BOACTBA TOYHBIX BBIUUCJIEHUN C KYCOYHO-MHOI'OY1JICHHBIMU
PYHKIUAMU ¢ palMOHAJIBHBIMU KO(DDUIMEHTAME B CPEJie CUCTEMbI CHM-
BosbHBIX Bhrunciaennit Maple V RA4.

JL1st TOr0o, YTOOBI IIOBTOPUTH OIMCAHHBIE B CTAThE PACUYEThl, HEOOXOIIMO

1) ycraHOBUTBH Ha KOMIIBIOTEPE CHCTEMY CUMBOJILHBIX BBIUUC/ICHUN (KOM-
nbiorepHoii anrebpel) Maple V' Release 4.00a. B Bepcun MPR4
Campus Wide Version ona JieranbHo joctynHa Gecrutarao [10; ¢. 99|
U yCTaHABIMBAETCA POCTBIM KOIIHMPOBAHUEM:;

2) ckavarp Ha caiite |9] maker Ly m ycTaHoBUTL €ro B COOTBETCTBHH C
UHCTPYKIHUEH 110 YCTaHOBKE, UMeIoIeiicd Ha caiTe.

s monumanust Tekcra Maple-daiiioB apxuBa, KpoMe 3HAKOMCTBa C
paboroit B Maple, Tak:ke 1M0JI€3HO MOJIYIUTH MIPEIBAPUTE/IHHbBIE ITPEICTaB-
JeHusi 00 OCHOBHBIX KOHIIENIMsX (ucrosb3oBanus) nakera Lo. Obparnrech
JIJIsT 9TOTO K JIOKyMeHTy 12doc.pdf [9].
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8.1

AnnpokcuManusi TpUroHOMeTpuYeckKux (pyHKImii

Dait/1 approx.mws COJIEPKUT

1.

[Tocrpoenwue anmpokcumaruu byHKIUE Sin(7t) MHOrO4JICHOM Ha OTPE3-

1
Ke [O, §:|
— IOUCK HAWJIydIIeil 4eObIeBCKOoil (DABHOMEPHOI ) alllipOKCUMAIAN
MHOI'OYJICHOM;

— 3aMeHa K03 PUITMEHTOB MHOTOUICHA Ha PalloOHaIbHBIE JTPpOoOU —
[TOIXO/IAIIE HelPEePhIBHBIE JTPOOH.

OreHKa MOrpentHoCcTH AIPOKCUMAIITI [TPOBEPKOI 110 CETKE C IMaroM
0.0001.

OrneHKa TMOrPEeITHOCTH allIPOKCUMAITIH ITPOBEPKOII 10 CETKE € MAaroM B
10 pa3 menbmuM. MakcumyM MOJIy/Isi OTKJIOHEHUS TOJTYyYaeTCsd TaKuM
’Ke B BUJIUMBIX IUQPax.

. 1 Tex, KTO HEJJOBOJIEH CTPOTOCTBIO TaKO OIMEHKH, ITPEIAraeTcs JIpy-

roit BapuaHT OIeHKH TorpenHocTu. [IpoBepka OTKJIOHEHHS 110 CeTKE J10-
IIOJIHACTCA OICHKON OTKJIOHCHNA MEXKJy y3JIaMU CCeTKH, OIMpalrolieica
Ha OIEHKU OTKJIOHEHUS COOTBETCTBYIOIIMX TPOM3BOIHBIX. 3/1eCh OJ1aro-
MIOJTyYHO MCIOJIB3YETCs TO 0OCTOATEHLCTBO, YTO BTOPbHIE ITPOU3BOIHDBIE
Kak GyHKIUU sin(7t), TaKk 1 ee almpOKCHMAIIN, MOHOTOHHO yOBIBAIOT

Ha OTpe3Ke [O, 5}

Onenka ommbKu
r(BGB) — 7(AGA)| < a(a —b)1*-0.252-107°.

B OIIpeJIe/IEHNN CIIEKTPaJIbHOTO pajauyca oneparopa AGA npu 3amene
ero Ha oneparop BGB, riie B ecthb oneparop ymMHOXKEHUS HA MATPUILY

atb—(a—bCE)  —(a—bSEH)
B(t) =
—(@—b)SEt)  a+b+(a—bC()

riae C(t) m S(t) — KycodHO MHOTrOYJIEHHbIE almpoKcuMaryu dyHKIAil
cos(mt) u sin(7t), mOyUeHHBIE U3 OMUCAHHON BBIIe AIIPOKCUMAIIAN
npuMeHerneM (hbOpPMyJl IPUBEJICHUSL.
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8.2 Pacderbl BUTOTO CTEXKHS C HIAPHUPHBIM 3aKpelnie-
HHEeM KOHIIOB

Qaiin iters.mws cojiepKuT O0ILYyIO cxeMy jlokyMenTa Maple, peamusyrorie-
ro wrepanun. Hampumep, nreparuu /st pacdeTa Mpu 3HAYEHNS TapaMeTPOB
=2,V =ma=1,b=4/9 ocymecrpisiiorcs B daiie iters49_2.mus.
KommenTapun K atromy daiiry:

e 3arpy’KaroTcsd MaKeThl U YKa3bIBACTCSI, 9TO BBIYNUCJIEHUS OY/LyT IIPOUC-
xo/uTh Ha orpeske [0, 2] (nHUNMAIM3AINA ).

e CTposiTCcst KYCOYHO MHOIOYJIEHHBIE allpoKcuMmarnuu GyHKIwii cos(mt)
u sin(7t) u Jiyis KOHTPOJIst BBIBOJATCS TPAQUKN ITUX AIIIPOKCHMAIIHI.

e Crposres marpurna B(t) u oneparop BGB, nassanusiii Operator.

e Cozmaercs crapToBasi BEKTOP-(DyHKIS X. Berancisiercs KBajapaT HOP-
MBI 9TOI BEKTOP-(DYHKIINHU.

e Bpruncnsgioreay := Operator(x) u KBaJIpaT HOPMBI 3TOI BEKTOP-(DYHKITAMN.
BeiBojinTes Ha 9KpaH OTHOINEHUE HOPM B BHJIE JCCATUIHON JIpOOH.
[oroBaTcs manHble JIsd CJIeIyIoNneil nTepalun.

[ToBTOp TOCTIEIHEN TPYNIIIBI U OCYIIECTBIIAET OUYEpPETHYI0O UTEPAITUIO BhI-
qncennii. Kak ToJIbKO CXOIMMOCTb 00ECIIEIUT JIOCTOYHYIO0 TOYHOCTh PE3YJIib-
TaTa, TaK MOXKHO UTepalli IIPeKPaTUTh U 3allucaTh Pe3yJabTarT.

8.3 Butoii cTepKeHb C 3aJIeJIKOIl KOHIIa

Nmena daityioB, peann3yrommux 3TH BBIYUCICHUS, 00PA30BAHBI CJICTYFOIIIM
obpazoM:

iters*_*.mws npeaHasHaveHsbl jist Boranciaenns r(AGA) B yeioBugx map-
HUPHOTO 3aKpeIieHnsi 000X KOHIIOB CTEPXKHA. DTn Qailiibl SBIISIOTCS
[IPOCTO PeAM3aINsIMI OIIMCAHHOTO BbIle daiira iters.mws nmpuMenu-
TEJIbHO K KOHKPETHBIM 3HAUYCHUSIM ITAPAMETPOB CTEPZKHS.

legendre.mws — MOJATrOTOBUTE/ILHBIE PAOOTHI JJIs IOCTPOEHUS HAMJIY UIIIX
B cMbicsie npoctpancTBa Lo npubsmkenuit MuorodseHamu JIexkam;i-
pa. DroT dailji HaJI0 BBIIOJIHUTD IIePEJ TeM, KaK BBIITOJTHATD (hailjibl
app*_*.mws.
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app*_*.mws COJepxKaT

e onpejenenne ekTop-pynknuii 1'(¢) u annpokenManuio ee Kycod-
HO MHOTOYWIEHHO# (DyHKIHEH ¢ paruoHabHbIMU Ko duImenTa-
M (B BHJIE TOJXOJSAIIUX JIPO0Oeii); OIEHKY TTOrPEITHOCTH;

e onpejenenne BeKTop-dynkiumii 12(¢), oproronajmsanuio u anmpox-
CUMAITUIO ee KYyCOYHO MHOTOYJIEHHOHN (PYHKIUEH ¢ parmoHaIbHbI-
MU KO3(DPUITUEHTAMUI; OIEHKY ITOIPENTHOCTH.

e BLIYUC/IEHNE BepXHeN OMEHKHU JIJId MOoJyJalonieiicss B pe3yabTare
ITOIPENTHOCTH

Ar % |r((I = P)BGB(I — P)) — r((I — P)AGA(I — P))|.

itersfix*_*.mws IpeJHasHa4vYCHbl JJIsl BLIYUCJICHUS CIEKTPaIbHOIO pajid-
yca jsi oneparopa (I — P)AGA B upocrpancTBe Z, OTBeYAIONIeM
YCJIOBUAM IIAPHUPHOrO 3aKPEIICHUA OAHOrO KOHIIA CTCPXKHI U 3a1eJ1-
ku jpyroro. Ctpykrypa sTux dailjiop aHajoruiHa Taxkopoil daiiios
iters*_x.mws. flapo mHTerpambHOro oneparopa P jerko crpomtes c
HCIIOIb30BaHueM Tporieypol 12m_FKprojector makera L.

[Iponymennbie B uMenax (hailJioB CUMBOJIBI O3HAYAIOT CJIELYIONIEe:
e ma Mecte nepBoit *: 49 g b/a = 4/9, 110 nasa b/a = 1/10;
s
e Ha MecTe BTOpOil *: 01 ;g yria 3akpydennoctu W = 20’ 03 g

3T T
U= _— U= —.
20,05,ZLJIEI 1

baarogapaocTu

AsTop BBIpazkaer csoro bsrarogapuocts I I'. Kpasuenko u E. 1. BpaBomy 3a
MHTEPEC U MOPAJILHYIO IMOJIJIEPXKKY, CTUMYJIUPOBABIIINE aBTOPa KaK Ha CTa/ NN
HCCJIeI0BaHNs, TaK U B IPOIECCe HAIIMCAHUS CTAThU.
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